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Abstract
Let G be a compact nonmetrizable topological group whose local weight b(G) has uncountable cofinality.
Let H be an amenable locally compact group, A(G×H) the Fourier algebra of G×H , and UC2(G×H)
the space of uniformly continuous functionals in VN(G×H) = A(G×H)∗. We use weak factorization of
operators in the group von Neumann algebra VN(G×H) to prove that there exist at least 22b(G) left ideals
of dimensions at least 22b(G) in A(G × H)∗∗ and in UC2(G × H)∗. We show that every nontrivial right
ideal in A(G×H)∗∗ and in UC2(G×H)∗ has dimension at least 22b(G) .
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1. Introduction
The study of the ideal structure of the double dual of the group algebra was initiated by
Civin and Yood [3]. It was proved by Filali and Pym [7] that for a noncompact, locally compact
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mension at least 22κ(K) . The case of the dimension of right ideals in L(K)∗∗ was however left
open in [7]. Recently, Filali and Salmi in [8] proved that there exist 22κ(K) left ideals in L1(K)∗∗
and in LUC(K)∗ with trivial pairwise intersections, and that the dimension of every nontriv-
ial right ideal in L1(K)∗∗ is at least 22κ(K) . The method used by Filali and Salmi in obtaining
these results relies on factorization of elements of L∞(K) (adapted from an earlier result by
Neufang [17]) and on the existence of right cancellable points in L1(G)∗∗.
In Filali, Neufang and Sangani Monfared [6], the authors proved a factorization theorem for
operators in the group von Neumann algebra of certain amenable groups, and applied the factor-
ization theorem to determine the topological centre of the Fourier algebra as well as to prove
the automatic continuity of certain module homomorphisms on the group von Neumann al-
gebra. We should also mention that, in 1981, Cecchini and Zappa [1] conjectured that for all
amenable groups, the centre of UC2(G)∗ is equal to B(G). Recent results of Losert [16] showed
that this conjecture is not true in general. However, as we showed in [6, Corollary 3.14], the
Cecchini–Zappa conjecture is in fact true for compact groups whose local weight has uncount-
able cofinality.
In this paper, we shall study further applications of our factorization theorem by obtaining
analogous results of [7] and [8] on the number and dimension of ideals for the double dual of
the Fourier algebra and the dual of the space of uniformly continuous functionals. If G is a
locally compact group, the local weight of G denoted by b(G), is the smallest cardinality of
an open base at the identity element e of G. Let G be a compact nonmetrizable topological
group whose local weight b(G) has uncountable cofinality, and let H be an arbitrary amenable
locally compact group. Let A(G × H) be the Fourier algebra of G × H , and UC2(G × H) be
the space of uniformly continuous functionals in VN(G × H). In Theorem 4.3, we show that
every nontrivial right ideal in A(G × H)∗∗ and in UC2(G × H)∗ has dimension at least 22b(G) .
In Theorem 4.4, we show that there exist at least 22b(G) left ideals of dimensions greater than
or equal to 22b(G) in A(G × H)∗∗ and in UC2(G × H)∗. The final result of our paper concerns
the number of topological invariant means (TIMs) in A(G × H)∗∗. The cardinality of the set of
TIMs in the bidual of the Fourier algebra was determined by Chou [2], for the case of metrizable
groups, and by Hu [12], in the general case. In Theorem 4.8, we approach this problem by a
different method than those used by the above authors, and we show that there are at least 22b(G)
linearly independent TIMs in VN(G×H)∗. We hope that this alternative method can eventually
be applied to the general case of nonmetrizable locally compact groups.
In obtaining our results, we rely on the construction of right cancellable sets in VN(G×H)∗
and UC2(G×H)∗ (Corollary 3.2), and we use a modified version of the factorization of operators
in VN(G×H), which we obtained in [6]. We note that, in the spirit of duality between the group
algebra and the Fourier algebra, the compact covering number κ in the results of [7] and [8], is
replaced with the local weight b in our results.
2. Preliminaries
Let K be a locally compact group. For detailed properties of the Fourier algebra A(K), the
group von Neumann algebra VN(K) = A(K)∗, and the Fourier–Stieltjes algebra B(K) we refer
our readers to [5]. The space A(K)∗∗ is a Banach algebra under the left Arens product  which
is defined by the following relations:
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〈Ψ · T ,u〉 = 〈Ψ,T · u〉,
〈T · u,v〉 = 〈T ,uv〉,
where Φ,Ψ ∈ A(K)∗∗, T ∈ VN(K) and u,v ∈ A(K).
In this paper we shall also consider the space of uniformly continuous functionals on K ,
defined by
UC2(K) = VN(K) ·A(K)‖·‖;
the closure is automatic if K is amenable. This space is often denoted by UC(K̂) in the lit-
erature, but we shall use the notation UC2(K) to avoid any possible confusion arising from
the common usage of K̂ to denote the set of irreducible unitary representation on K (our no-
tation also emphasizes that one can define a p-version of this space as a subset of PMp(K)
for 1 < p < ∞). If K is abelian, then via the transpose of the Fourier transform, UC2(K) can
be identified with the Banach algebra of bounded uniformly continuous functions on the dual
group K̂ . It is known, and is easy to verify, that UC2(K)◦ — the polar of UC2(K) — is a closed
two sided ideal in (A(K)∗∗,), and hence UC2(K)∗ = (A(K)∗∗,)/UC2(K)◦ is a quotient al-
gebra of (A(K)∗∗,). We denote this quotient product on UC2(K)∗ by  as well. We also note
that, VN(K) is a left Banach UC2(K)∗-module with the action defined by the relations:
〈ξ 	 T ,u〉 = 〈ξ, T · u〉 (ξ ∈ UC2(K)∗, T ∈ VN(K), u ∈ A(K)).
It follows that A(K)∗∗ has a natural right Banach UC2(K)∗-module structure defined by
〈Φ 	 ξ, T 〉 = 〈Φ,ξ 	 T 〉 (Φ ∈ A(K)∗∗, ξ ∈ UC2(K)∗, T ∈ VN(K)).
It is easily verified that
ξ 	 T = ξ˜ · T , Φ 	 ξ = Φ  ξ˜ ,
where ξ˜ is any extension of ξ to a continuous linear functional on VN(K). For more information
on these spaces see Lau [13,14].
Throughout this paper, unless otherwise stated, G is a compact nonmetrizable group such that
its local weight b(G) has uncountable cofinality, and H is an amenable locally compact group.
We write Ĝ to denote the family of all equivalence classes of irreducible, (strongly) continuous
unitary representations of G. Since by Hewitt and Ross [10, Theorem 28.2 and Remark 28.58(b)],
|Ĝ| = b(G), we may write Ĝ = {Vγ : γ < b(G)}, with V0 the trivial one-dimensional represen-
tation defined by V0(t) = 1 (t ∈ G). For every 0 < α < b(G), we define
Ĝα = {Vγ ∈ Ĝ: 0 γ < α}.
Let (Nα)0αb(G) be a decreasing family of compact normal subgroups of G (N0 = G
and Nb(G) = {e}) whose existence was shown in [15,12]. In Filali, Neufang and Sangani Mon-
fared [6], the authors showed the existence of two families of irreducible unitary representations
Uα = (uα )α<b(G) and U˜α = (u˜α )α<b(G) such that for every α, (i) Uα ∈ N̂α and U˜α ∈ Ĝ, (ii) U˜α isij ij
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addition, it was shown that the coordinate functions u˜αij satisfy a certain orthogonality condition.
We state this orthogonality result for our later purposes.
Lemma 2.1. (See [6].) Let G be a compact nonmetrizable group such that b(G) has uncountable
cofinality. Let V ∈ Ĝ be arbitrary and let V be the conjugate representation of V . Let α be large
enough so that V,V ∈ Ĝα . Then if β = α, 1 i, k  n′, 1 j, l  n and 1 p′, q ′  dimV , we
have ∫
Nβ
u˜αij (t)u˜
β
kl(t)vp′q ′(t) dλβ(t) = 0. (1)
3. Right cancellation in VN(G × H)∗ and UC2(G × H)∗
Throughout this section, G, H , Nα , u˜αij , n and n′ are as stated in Section 2. For each α > 0, let
λα be the normalized Haar measure on Nα. As in [15,12] we consider the family (Pα)0α<b(G)
of orthogonal projections in VN(G), where P0 = 0 and Pα is defined by
Pα :L
2(G) −→ L2(G), (Pαf )(x) =
∫
Nα
f
(
t−1x
)
dλα(t) (a.e.). (2)
We define
u˜αij = u˜αij ⊗ 1H ∈ B(G×H),
P˜α = Pα ⊗ I ∈ VN(G×H).
We let b(G) be equipped with the discrete topology and β(b(G)) be the Stone– ˇCech com-
pactification of b(G) (cf. [11]).
Let C(b(G)) be the set of all cofinal ultrafilters on b(G). Recall that an ultrafilter a on b(G)
is cofinal if every set I in a is cofinal in b(G), that is, sup I = b(G) (cf. [19]). By a result of
van Douwen [19] ∣∣C(b(G))∣∣= 22b(G) . (3)
For each 1 k, l  n, the bounded map
b(G) −→ UC2(G×H)∗, α −→ u˜αkl,
has a continuous extensions to β(b(G)) denoted by
θkl :β
(
b(G)
)−→ UC2(G×H)∗, a −→ ξakl .
Since a ∈ I for every I ∈ a, it follows that the cluster point ξakl of (u˜αkl)α∈I does not depend
on I , for every I ∈ a. We write ξ˜ akl for any Hahn–Banach extension of ξakl to an element in
VN(G×H)∗.
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Pa,Iklr (Q) =
1
n6
∑
β∈I
(
u˜
β
kr · P˜β
)(
u˜
β
r1 · Q
)(
u˜
β
1l · P˜β
) (
w∗-limit
)
, (4)
Pa,Ikl (Q) =
n′∑
r=1
Pa,Iklr (Q). (5)
The w∗-convergence of the sum in the first equation is shown in [6, Lemma 4.4]. When there
is no fear of confusion, we write Pa,Iklr and Pa,Ikl in place of Pa,Iklr (Q) and Pa,Ikl (Q), respectively.
Now we are prepared to state the following factorization theorem necessary for this paper.
Theorem 3.1.
(i) Given Q ∈ VN(G×H), a ∈ C(b(G)) and I ∈ a, we have
n∑
k=1
n∑
l=1
ξ˜ akl · Pa,Ikl =
n∑
k=1
n∑
l=1
ξakl 	 Pa,Ikl = Q.
(ii) If b ∈ C(b(G)) is such that there exists J ∈ b with J ∩ I = ∅, then
ξbkl 	 Pa,Ik′l′ = 0
(
k, k′, l, l′ ∈ {1, . . . , n}).
Proof. Statement (i) for the case that I = b(G) was proved in [6, Lemma 4.5]. However an
inspection of the proof of that lemma shows that b(G) can be replaced with any cofinal set I in
b(G), and hence (i) follows by essentially the same proof which we do not repeat for briefness.
(ii) We show that the action ξbkl 	 Pa,Ik′l′r on every element of A(G × H) is zero. Let v ∈
A(G) and w ∈ A(H). Since G is compact, we may assume that for s ∈ G, v(s) = vij (s) =
(V (s)ej |ei), where V ∈ Ĝ, dimV = d , and {e1, . . . , ed} is the standard basis of Cd . Let (QF ),
QF =∑i∈F Qi1 ⊗ Qi2 (where F is a finite subset of N), be a net in VN(G × H) converging in
w∗-topology to Q. Then, for every 1  r  n′, following the calculations leading to Eq. (33)
in [6], we have
〈
ξbkl 	 Pa,Ik′l′r , vij ⊗w
〉
= 1
n6
lim
α∈J
∑
β∈I
〈(
u˜
β
k′r · P˜β
)(
u˜
β
r1 · Q
)(
u˜
β
1l′ · P˜β
)
, (vij ⊗w)u˜αkl
〉
= 1
n6
lim
α∈J
∑
β∈I
lim
F
∑
i∈F
〈(
u˜
β
k′r · P˜β
)(
u˜
β
r1 ·
(
Qi1 ⊗Qi2
))(
u˜
β
1l′ · P˜β
)
, (vij ⊗w)u˜αkl
〉
= 1
n6
lim
α∈J
∑
β∈I
lim
F
∑
i∈F
〈(
u˜
β
k′r · Pβ
)(
u˜
β
r1 ·Qi1
)(
u˜
β
1l′ · Pβ
)
, vij u˜
α
kl
〉〈
Qi2,w
〉
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n6
lim
α∈J
d∑
p=1
n′∑
q=1
d∑
p′=1
n′∑
q ′=1
∑
β∈I
lim
F
∑
i∈F
〈
u˜
β
r1 ·Qi1, u˜αqq ′vpp′
〉〈
Qi2,w
〉
×
∫
Nβ
u˜
β
k′r (t)u˜
α
kq(t)vip(t) dλβ(t)
∫
Nβ
u˜
β
1l′(x)u˜
α
q ′l (x)vp′j (x) dλβ(x).
However by Lemma 2.1, for large enough α,∫
Nβ
u˜
β
1l′(x)u˜
α
q ′l(x)vp′j (x) dλβ(x) = 0.
Hence, it follows that ξbkl 	 Pa,Ik′l′r = 0 for every r , and therefore the lemma follows. 
The next result concerns the right cancellable sets in VN(G×H)∗ and UC2(G×H)∗. It can
be considered as the dual version of the results in [7,8] concerning the right cancellable points in
L1(G)∗∗ and LUC(G)∗. We call a set X in an algebra A right cancellable if for every nonzero
a ∈ A, ab = 0 for some b ∈ X. When X = {b} is a singleton, then the set X is right cancellable
if and only if the right multiplication operation by b is injective.
The matrix (˜ξ akl) may not be right cancellable in the matrix algebra Mn(VN(G×H)∗). Simi-
larly, the entries ξ˜ akl may not be right cancellable points in VN(G × H)∗. However, we have the
following result.
Corollary 3.2. Let a ∈ C(b(G)). For Ψ ∈ VN(G × H)∗, let [Ψ ] be the n × n diagonal matrix
whose diagonal entries are equal to Ψ . Then
(i) the linear map
VN(G×H)∗ −→ Mn
(
VN(G×H)∗),
Ψ −→ [Ψ ]( ξ˜ akl)n×n = (Ψ  ξ˜ akl)n×n
is injective;
(ii) {˜ξakl : k, l = 1, . . . , n} is a right cancellable set in VN(G×H)∗;
(iii) {ξakl : k, l = 1, . . . , n} is a right cancellable set in UC2(G×H)∗.
Proof. (i) The map is clearly linear. Let Ψ ∈ VN(G×H)∗ be nonzero and pick Q ∈ VN(G×H)
such that 〈Ψ,Q〉 = 0. Let I ∈ a. Then by Theorem 3.1 , Q =∑nk=1∑nl=1 ξ˜ akl ·Pa,Ikl , and therefore
n∑
k=1
n∑
l=1
〈
Ψ  ξ˜ akl,Pa,Ikl 〉=
〈
Ψ,
n∑
k=1
n∑
l=1
ξ˜ akl · Pa,Ikl
〉
= 〈Ψ,Q〉 = 0.
This shows that Ψ  ξ˜ akl must be nonzero for some k, l ∈ {1, . . . , n}.
(ii) This statement is an immediate consequence of (i).
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Arguing as in (i) and using the identities
Q =
n∑
k=1
n∑
l=1
ξakl 	 Pa,Ikl , ξakl 	
(
v · Pa,Ikl
)= v · (ξakl 	 Pa,Ikl ),
we can write
n∑
k=1
n∑
l=1
〈
η ξakl, v · Pa,Ikl 〉=
〈
η, v ·
n∑
k=1
n∑
l=1
ξakl 	 Pa,Ikl
〉
= 〈η, v · Q〉 = 0.
Thus η ξakl must be nonzero for some k, l ∈ {1, . . . , n}. 
We end this section with an interesting result which shows that each column of the matrix
(ξakl)n×n gives rise to an injective map
C(b(G))−→ Mn×1(UC2(G×H)∗), a −→ (ξakl)1kn.
Theorem 3.3. Let a1 and a2 be two distinct elements of C(b(G)). Then given any 1 l  n, there
exists 1 k  n such that ξa1kl = ξa2k′l′ , for all k′, l′ ∈ {1,2, . . . , n}.
Proof. Let I1 and I2 be two disjoint subsets of b(G) such that a1 ∈ I1 and a2 ∈ I2, the closure
being taken in β(b(G)). Consider the operator
P
a1,I1
kl =
∑
β∈I1
u˜
β
kl · P˜β
(
w∗-limit
)
. (6)
It follows from [6, Lemmas 3.7, 4.2, 4.3] that Pa1,I1kl ∈ VN(G×H). To prove our result it suffices
to show that given l ∈ {1, . . . , n}, we have
n∑
k=1
ξ˜
a1
kl · Pa1,I1kl =
n∑
k=1
ξ
a1
kl 	 Pa1,I1kl = n2I ⊗ I, (7)
ξ
a2
k′l′ 	 Pa1,I1kl = 0
(
k, k′, l′ ∈ {1, . . . , n}), (8)
where I ⊗ I is the identity operator in VN(G×H). Since then, there must exist some 1 k  n
such that ξa1kl 	 Pa1,I1kl = 0, while simultaneously, ξa2k′l′ 	 Pa1,I1kl = 0 for all k′, l′, proving that
ξ
a1
kl = ξa2k′l′ .
Write ξa1kl = limα∈I1 u˜αkl . Then
ξ
a1
kl 	 Pa1,I1kl = w∗- lim
α∈I1
u˜αkl · Pa1,I1kl = w∗- lim
α∈I1
∑
β∈I1
u˜αkl ·
(
u˜
β
kl · P˜β
)
= w∗- lim
α∈I1
∑(
u˜αkl u˜
β
kl
) · Pβ ⊗ I.
β∈I1
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some V ∈ Ĝ, we have〈
ξ
a1
kl 	 Pa1,I1kl , vij ⊗w
〉= lim
α∈I1
∑
β∈I1
〈(
u˜αkl u˜
β
kl
) · Pβ, vij 〉〈I,w〉. (9)
Without loss of generality we can assume that α is large enough that so that V,V ∈ Ĝα . We can
then write ∑
β∈I1
〈(
u˜αkl u˜
β
kl
) · Pβ, vij 〉= ∑
β∈I1
〈
Pβ, vij u˜
α
kl u˜
β
kl
〉= ∑
β∈I1
Pβ
(
vij u˜
α
kl u˜
β
kl
)
(ˇe)
=
∑
β∈I1
∫
Nβ
(
vij u˜
α
kl u˜
β
kl
) (ˇ
t−1e
)
dλβ(t)
=
∑
β∈I1
∫
Nβ
u˜αkl(t)u˜
β
kl(t)vij (t) dλβ(t)
(Lemma 2.1) =
∫
Nα
u˜αkl(t)u˜
α
kl(t)vij (t) dλα(t) (10)
= 〈(u˜αkl u˜αkl) · Pα, vij 〉. (11)
It follows from our choice of the representations U˜α that for each k = n + 1, . . . , n′, we have
u˜αkl(t) = 0 if t ∈ Nα (see Eq. (4) of [6]). Thus, it follows from (10) and (11) that〈
n∑
k=1
(
u˜αkl u˜
α
kl
) · Pα, vij〉= 〈 n′∑
k=1
(
u˜αkl u˜
α
kl
) · Pα, vij〉.
Consequently using (9) and (11) and the fact that U˜α is a unitary representation, we have
n∑
k=1
〈
ξ
a1
kl 	 Pa1,I1kl , vij ⊗w
〉= lim
α∈I1
〈(
n∑
k=1
u˜αkl u˜
α
kl
)
· Pα, vij
〉
〈I,w〉
= lim
α∈I1
〈(
n′∑
k=1
u˜αkl u˜
α
kl
)
· Pα, vij
〉
〈I,w〉
= lim
α∈I1
〈
n2Pα, vij
〉〈I,w〉
= n2〈I,w〉 lim
α∈I1
Pα(vij ) (ˇe)
(
by (2)
) = n2〈I,w〉 lim
α∈I1
∫
Nα
vij (t) dλα(t)
= n2〈I,w〉vij (e) = n2〈I ⊗ I, vij ⊗w〉,
proving (7).
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k′l′ = limα∈I2 u˜αk′l′ . Then following the calculations leading to (9), we have〈
ξ
a2
k′l′ 	 Pa1,I1kl , vij ⊗w
〉= lim
α∈I2
∑
β∈I1
〈(
u˜αk′l′ u˜
β
kl
) · Pβ, vij 〉〈I,w〉. (12)
Now repeating the calculations leading to (10), and applying Lemma 2.1, we obtain
∑
β∈I1
〈(
u˜αk′l′ u˜
β
kl
) · Pβ, vij 〉= ∑
β∈I1
∫
Nβ
u˜αk′l′(t)u˜
β
kl(t)vij (t) dλβ(t) = 0, (13)
if α is large enough so that V,V ∈ Ĝα . Our claim in (8) follows from (13) and (12). 
Following (3), Corollary 3.2, and Theorem 3.3, we can state
Corollary 3.4. Let A denote either of the algebras VN(G×H) or UC2(G×H). Then
(i) the number of matrices (ξkl)n×n in the matrix algebra Mn(A∗), for which the map Ψ −→
(Ψ  ξkl)n×n, A∗ −→ Mn(A∗) is injective, is at least 22b(G) ;
(ii) the number of sets in A∗ which are right cancellable in A∗ is at least 22b(G) .
4. Number and dimension of ideals in A(G × H)∗∗ and UC2(G × H)∗
We keep the notation introduced in the previous two sections.
It is shown by Filali and Salmi [8, Theorem 5] that for a noncompact, locally compact
group K , there exist 22κ(K) left ideals in L1(K)∗∗ and in LUC(K)∗ with trivial pairwise in-
tersections, and that the dimension of every nontrivial right ideal in L1(K)∗∗ and in LUC(K)∗ is
at least 22κ(K) [8, Theorem 6] (see also [7]). In this section we prove the dual of these results for
the Banach algebras UC2(G×H)∗ and A(G×H)∗∗.
We start by determining the dimension of right ideals.
Lemma 4.1. Let Φ be a nonzero element of VN(G×H)∗, and [Φ] be the n× n diagonal matrix
with Φ on the diagonal. Then, the dimensions of the right ideals generated by [Φ] in the matrix
algebras Mn(VN(G×H)∗) and Mn(UC2(G×H)∗) are at least 22b(G) .
Proof. We give the proof for the ideal generated in Mn(UC2(G × H)∗); the proof of the other
case is similar. By (3), it suffices to show that the set{[Φ](ξakl): a ∈ C(b(G))}
is linearly independent. Let Q ∈ VN(G × H) be such that 〈Φ,Q〉 = 1. Suppose that for some
scalars λi and distinct cofinal ultrafilters ai , i = 1, . . . ,m, we have
m∑
λi[Φ]
(
ξ
ai
kl
)= 0.
i=1
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m∑
i=1
λiΦ 	 ξaikl = 0 for all 1 k, l  n.
Let Ii , i = 1, . . . ,m, be pairwise disjoint members of ai . Let 1 j m be fixed, and consider
the operators Paj ,Ijkl . Then by Theorem 3.1,
0 =
n∑
k,l=1
m∑
i=1
λi
〈
Φ 	 ξaikl ,P
aj ,Ij
kl
〉
=
n∑
k,l=1
m∑
i=1
λi
〈
Φ,ξ
ai
kl 	 P
aj ,Ij
kl
〉
= λj
〈
Φ,
n∑
k,l=1
ξ
aj
kl 	 P
aj ,Ij
kl
〉
= λj 〈Φ,Q〉 = λj ,
as required. 
We omit the proof of the following easy lemma.
Lemma 4.2. Let X, Y , Z be vector spaces over C and X = Y × Z. If dimX  κ for an infinite
cardinal κ , then dimY  κ or dimZ  κ .
Theorem 4.3. Every nontrivial right ideal in A(G×H)∗∗ and in UC2(G×H)∗ has dimension
at least 22b(G) .
Proof. We give the proof for right ideals in UC2(G × H)∗. Let R be a nontrivial right ideal
in UC2(G × H)∗ and pick any nonzero element Φ in R. It follows from Lemmas 4.1 and 4.2
that there exist k, l ∈ {1,2, . . . , n} and a subset S of C(b(G)) with cardinality 22b(G) such that
{Φ 	 ξakl : a ∈ S} is a linearly independent subset of R. 
As a corollary of Theorem 4.3 it follows immediately that both A(G×H)∗∗ and UC2(G×H)∗
have dimensions greater than or equal to 22b(G) .
Next we turn our attention to left ideals. Nontrivial left ideals in A(G × H)∗∗ and in
UC2(G × H)∗ can be of finite dimensions of course, as one can easily generate such ideals
using topological invariant means (TIMs). More generally, if K is a nondiscrete locally compact
group, then by a result of Hu [12, Theorem 5.9], there are 22b(K) TIMs in A(K)∗∗ (for the metriz-
able case see Chou [2, Theorem 3.3]). Now if Ψ is a TIM, then for every Φ ∈ A(K)∗∗ and every
Q ∈ VN(K), we have
〈Φ Ψ,Q〉 = 〈Φ,Ψ ·Q〉 = 〈Φ, 〈Ψ,Q〉I〉= Φ(I)〈Ψ,Q〉,
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CΨ , and therefore there are at least 22b(K) left ideals of dimension one in A(K)∗∗.
In the next theorem, using the set {ξakl : 1 k, l  n, a ∈ C(b(G))}, we show that left ideals of
infinite dimensions up to at least 22b(G) can be produced in both A(G×H)∗∗ and UC2(G×H)∗.
Theorem 4.4. There exists at least 22b(G) left ideals in A(G×H)∗∗ and in UC2(G×H)∗, each
of dimension at least 22b(G) .
Proof. Let a1, a2 be two distinct elements of C(b(G)) and let I1 and I2 be two disjoint subsets of
b(G) such that a1 ∈ I1 and a2 ∈ I2. Consider the two closed left ideals J1 and J2 in VN(G×H)∗,
generated, respectively, by the sets
VN(G×H)∗ 	 {ξa1kl : 1 k, l  n}, VN(G×H)∗ 	 {ξa2kl : 1 k, l  n}.
Let Ψ ∈ VN(G × H)∗ be nonzero and pick Q ∈ VN(G × H) such that 〈Ψ,Q〉 = 0. It follows
from Theorem 3.1 that
n∑
k=1
n∑
l=1
〈
Ψ 	 ξa1kl ,Pa1,I1kl
〉= 〈Ψ, n∑
k=1
n∑
l=1
ξ
a1
kl 	 Pa1,I1kl
〉
= 〈Ψ,Q〉 = 0, (14)
while for all Φ ∈ VN(G×H)∗ and all 1 k, k′, l, l′  n,〈
Φ 	 ξa2kl ,Pa1,I1k′l′
〉= 〈Φ,ξa2kl 	 Pa1,I1k′l′ 〉= 〈Φ,0〉 = 0. (15)
Therefore, for some 1  k0, l0  n, we have 〈Ψ 	 ξa1k0l0,P
a1,I1
k0l0
〉 = 0, and thus Ψ 	 ξa1k0l0 /∈ J2,
showing that J1 ⊂ J2. Similarly one can show that J2 ⊂ J1. Since there are 22b(G) cofinal ultra-
filters in β(b(G)) it follows that VN(G×H)∗ has at least 22b(G) closed left ideals.
Similarly, if η ∈ UC2(G × H)∗ is nonzero, pick Q ∈ VN(G × H) and v ∈ A(G × H) such
that 〈η, v · Q〉 = 0. Then, once again,
n∑
k=1
n∑
l=1
〈
η ξa1kl , v · Pa1,I1kl 〉=
〈
η, v ·
n∑
k=1
n∑
l=1
ξ
a1
kl 	 Pa1,I1kl
〉
= 〈η, v · Q〉 = 0,
while for all η′ ∈ UC2(G×H)∗ and all 1 k, k′, l, l′  n,〈
η′  ξa2kl , v · Pa1,I1k′l′ 〉= 〈η′, v · (ξa2kl 	 Pa1,I1k′l′ )〉= 〈η′,0〉= 0.
As in the case of VN(G×H)∗, it follows that the two closed ideals in UC2(G×H)∗ generated,
respectively, by the sets
UC2(G×H)∗  {ξa1kl : 1 k, l  n} and UC2(G×H)∗  {ξa2kl : 1 k, l  n},
are distinct. Since there are 22b(G) cofinal ultrafilters in β(b(G)), this shows that UC2(G × H)∗
has 22b(G) closed left ideals.
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cofinal ultrafilter on b(G). By Corollary 3.2(i), the map
VN(G×H)∗ −→ Mn
(
VN(G×H)∗), Φ −→ [Φ](ξakl),
is a linear isomorphism onto its image. Therefore, by Theorem 4.3, the dimension of the linear
subspace {[Φ](ξakl): Φ ∈ VN(G × H)∗} of Mn(VN(G × H)∗) is at least 22
b(G)
. Therefore by
Lemma 4.2, for at least one pair 1 k, l  n, the linear space {Φ 	 ξakl : Φ ∈ VN(G×H)∗} is of
dimension at least 22b(G) . A fortiori the dimension of each of left ideal
VN(G×H)∗ 	 {ξakl : 1 k, l  n}
is at least 22b(G) .
The case of the left ideals in UC2(G×H)∗ can be argued in a similar way. 
Our next result shows that we can locate the left ideals of Theorem 4.4 within VN(G × H)∗
and UC2(G × H)∗. Suppose that PF2(G × H) is the norm closed subspace of VN(G × H),
generated by the operators λ2(f ⊗ g), where f ⊗ g ∈ L1(G × H), and λ2 is the left regular
representation of L1(G×H) on L2(G×H).
Theorem 4.5. Let a ∈ C(b(G)). Then the left ideals
UC2(G×H)∗  {ξakl : 1 k, l  n}, VN(G×H)∗ 	 {ξakl : 1 k, l  n}
are contained in the polar of PF2(G × H) in the spaces UC2(G × H)∗ and VN(G × H)∗,
respectively.
Proof. Consider the first ideal. We need only to check that ξakl annihilates PF2(G × H), since
it can be easily checked that the polar of PF2(G × H) in UC2(G × H), that is, PF2(G × H)◦,
is a w∗-closed left ideal in UC2(G × H)∗ (that the polar is in fact a two sided ideal is proved
in [9,4]). So let f ⊗ g ∈ L1(G × H) = L1(G) ⊗γ L1(H). Since C(G) ⊗ C(H) is dense in
L1(G) ⊗ L1(H), which itself is dense in the projective tensor product L1(G) ⊗γ L1(H), we
may suppose that both f and g are continuous functions. Since
〈
ξakl, λ2(f ⊗ g)
〉= lim
α
〈
u˜αkl ⊗ 1H ,λ2(f )⊗ λ2(g)
〉
= lim
α
∫
G
u˜αkl(x)f (x) dx
∫
H
g(y)dy,
it suffices to show that the limit of the first integral is equal to zero.
By Hewitt and Ross [10, Theorem 27.39(ii)], we may assume that φ is in fact a trigonometric
polynomial. Without loss of generality we may assume further that φ is a coordinate function
of an irreducible unitary representation Vγ of G. Then we may choose α large enough so that
U˜α  Vγ (since by [6, Lemma 3.3(iii)] we can ensure the two representations have inequivalent
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unitary representations we have
lim
α
∫
G
u˜αkl(x)φ(x) dx = 0,
as we wanted to show.
Our claim for the left ideals VN(G × H)∗ 	 {ξakl : 1 k, l  n} also follows from the above
proved fact that ξakl annihilates PF2(G×H), since once again,{
Ψ ∈ VN(G×H)∗: Ψ |PF2(G×H) = 0
}
is a w∗-closed left ideal in VN(G×H)∗. 
Remark 4.6. It follows from the above theorem that the left ideals VN(G × H)∗ 	 {ξakl : 1 
k, l  n} have trivial intersection with the image of A(G × H) in VN(G × H)∗, since nonzero
elements of A(G×H) do not annihilate PF2(G×H).
Let T be a linearly independent set of TIMs of cardinality κ in VN(G×H)∗. Then
lin
(
VN(G×H)∗  T )= lin(T )
(closure in the norm topology) is a left ideal in VN(G×H)∗ of dimension at least κ . Each element
of this left ideal is clearly topologically invariant. We check that these left ideals are different
from those in VN(G × H)∗, given in Theorem 4.5. Let u ∈ A(G × H) be a nonzero function
such that u(e) = 0 (where e denotes the identity of G × H ), then u  lin(T ) = {0}, while by
Corollary 3.2, u2 	ξakl is nonzero for some 1 k, l  n, and therefore uVN(G×H)	{ξakl : 1
k, l  n} is nonzero.
Note that if u(e) = 1, then the left ideal lin(T ) is strictly contained in the two sided ideal
uA(G×H)∗∗. By our Theorem 4.3, these latter ideals have dimensions greater than or equal
to 22b(G) .
As the last result in this paper, we give another application of our factorization Theorem 3.1.
Using the cluster points ξakl we give an alternative proof for the fact that VN(G×H)∗ has at least
22b(G) linearly independent topological invariant means (TIMs). For a different and more general
approach to this problem see Chou [2] and Hu [12]. We thank Z. Hu for kindly pointing out to us
that a careful analysis of the main results in the last two references does indeed show that TIMs
constructed in these papers are linearly independent.
We start with the following lemma.
Lemma 4.7. Let Ψ be a TIM, a ∈ C(b(G)), and I ∈ a. Let I ⊗ I be the identity operator in
VN(G×H) and Pa,Ikl (I ⊗ I) be defined as in (5). If 1 k, l  n, and k = l, then〈
Ψ,ξakl 	 Pa,Ikl (I ⊗ I)
〉= 0.
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Pa,Ikl (I ⊗ I) =
n′∑
r=1
Pa,Iklr (I ⊗ I);
therefore it suffices to show that for every 1 r  n′,〈
Ψ,ξakl 	 Pa,Iklr (I ⊗ I)
〉= 0.
If r = 1, then
Pa,Iklr (I ⊗ I) =
1
n6
∑
β∈I
(
u˜
β
kr · P˜β
)(
u˜
β
r1 · I ⊗ I
)(
u˜
β
1l · P˜β
)
= 1
n6
∑
β∈I
(
u˜
β
kr · P˜β
)(
u˜
β
r1(e)I ⊗ I
)(
u˜
β
1l · P˜β
)= 0, (16)
since u˜βr1(e) = 0, as U˜β(e) is the n′ × n′ identity matrix.
So it remains to consider the case r = 1. Then u˜β11(e) = 1, and therefore we have
〈
Ψ,ξakl 	 Pa,Ikl1 (I ⊗ I)
〉= 1
n6
∑
β∈I
〈
Ψ,ξakl 	
(
u˜
β
k1 · P˜β
)
(I ⊗ I)(u˜β1l · P˜β)〉
= 1
n6
∑
β∈I
〈
Ψ,ξakl 	
(
u˜
β
kl · P˜β
)〉
= 1
n6
∑
β∈I
〈
Ψ, u˜
β
kl ·
(
ξakl 	 P˜β
)〉
= u˜βkl(e)
1
n6
∑
β∈I
〈
Ψ,ξakl 	 P˜β
〉= 0,
where to obtain the second identity, we used the relation(
u˜
β
k1 · P˜β
)(
u˜
β
1l · P˜β
)= u˜βkl · P˜β
proved in [6, Lemma 4.2], and in the last line of the calculations, we have used the facts that Ψ
is a TIM and u˜βkl(e) = 0. 
Theorem 4.8. There are at least 22b(G) linearly independent TIMs in VN(G×H)∗.
Proof. For the purpose of this proof we assume that our representations U˜α are not normalized,
so that u˜αkl have norm less than or equal to 1 in A(G×H) (with this assumption, the factorization
formula in Theorem 3.1(i) will be affected by a multiplicative constant on the right-hand side,
which is irrelevant for our purposes). Let Ψ be a TIM in VN(G × H)∗, whose existence was
M. Filali et al. / Journal of Functional Analysis 258 (2010) 3117–3133 3131shown, for example, in [18]. If a is a cofinal ultrafilter and 1 k  n, then we show below that
Ψ 	 ξakk is also a TIM. In fact, for every u⊗ v ∈ A(G×H), and every Q ∈ VN(G×H),〈
Ψ 	 ξakk, (u⊗ v) · Q
〉= 〈Ψ,ξakk 	 ((u⊗ v) · T )〉
= 〈Ψ, (u⊗ v) · (ξakk 	 Q)〉
= 〈I ⊗ I, u⊗ v〉〈Ψ 	 ξakk,Q〉.
Furthermore, using the fact that Ψ (I ⊗ I) = 1, we have〈
Ψ 	 ξakk, I ⊗ I
〉= 〈Ψ,ξakk · (I ⊗ I)〉
= ξakk(I ⊗ I)Ψ (I ⊗ I)
= lim
α
〈
u˜αkk, I ⊗ I
〉
= lim
α
〈
u˜αkk ⊗ 1H , I ⊗ I
〉
= 〈1H , I〉 lim
α
u˜αkk(e) = 1.
Since ‖u˜αkk‖ = ‖u˜αkk‖  1 for all α, it follows that ξakk belongs to the closed unit ball of
UC2(G × H)∗, and hence ‖Ψ 	 ξakk‖  ‖Ψ ‖‖ξakk‖  1. Thus we have shown that Ψ 	 ξakk is
a TIM.
Next, let a1 and a2 be distinct cofinal ultrafilters. We take disjoint subsets I1 and I2 of b(G)
such that a1 ∈ I1 and a2 ∈ I2. Define the operators Pa1,I1kl = Pa1,I1kl (I ⊗ I) as in (5). Then by
Theorem 3.1, for all 1 k, l, k′, l′  n, we have
I ⊗ I =
n∑
k=1
n∑
l=1
ξ
a1
kl 	 Pa1,I1kl but ξa2kl 	 Pa1,I1k′l′ = 0,
where, by our current assumptions on U˜α , the first equality holds up a nonzero multiplicative
constant. Now using Lemma 4.7, we can write
1 = 〈Ψ, I ⊗ I〉 =
〈
Ψ,
n∑
k=1
n∑
l=1
ξ
a1
kl 	 Pa1,I1kl
〉
=
n∑
k=1
〈
Ψ,ξ
a1
kk 	 Pa1,I1kk
〉= n∑
k=1
〈
Ψ 	 ξa1kk ,Pa1,I1kk
〉
.
It follows that for at least one k0, we have〈
Ψ 	 ξa1k0k0 ,P
a1,I1
k0k0
〉 = 0. (17)
On the other hand, by Theorem 3.1(ii), for all 1 k, l, k′, l′  n,〈
Ψ 	 ξa2,Pa1,I1′ ′
〉= 〈Ψ,ξa2 	 Pa1,I1′ ′ 〉= 〈Ψ,0〉 = 0. (18)kl k l kl k l
3132 M. Filali et al. / Journal of Functional Analysis 258 (2010) 3117–3133Thus Ψ 	 ξa1k0k0 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a2
kl for all 1 k, l  n. We can repeat the same argument for any other
a ∈ C(b(G)) such that a = a1. Since there are 22b(G) cofinal ultrafilters, we can find a subset C′ of
C(b(G)), with the same cardinality, and an index 1 k1  n, such that Ψ 	 ξa1k1k1 = Ψ 	 ξakl for
all 1 k, l  n, and all a ∈ C′. Replacing C(b(G)) with C′, a transfinite induction will complete
the proof.
It remains to show that the TIMs we obtained above, are linearly independent. Suppose that
n∑
j=1
λjΨ 	 ξajkj kj = 0,
where λ1, . . . , λn are complex numbers. For each 1 j  n, let Ij ∈ aj be such that Ii ∩ Ij = ∅
if i = j . Then, for a given i, we may act both sides of the above identity on the operator Pai ,Iikiki =
Pai ,Iikiki (I ⊗ I), and use (18) to obtain
0 =
n∑
j=1
λj
〈
Ψ 	 ξajkj kj ,P
ai ,Ii
kiki
〉= λi 〈Ψ 	 ξaikiki ,Pai ,Iikiki 〉.
Since by (17), 〈Ψ 	 ξaikiki ,P
ai ,Ii
kiki
〉 = 0, it follows that λi = 0, which is what we wanted to
show. 
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